
JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS

Vol. 24, No. 3, May–June 2001

Neoclassical Guidance for Homing Missiles

Pini Gur� l¤

Princeton University, Princeton, New Jersey 08544
Mario Jodorkovsky†

RAFAEL, Ministry of Defense, 31021 Haifa, Israel
and

Moshe Guelman‡

Technion—Israel Institute of Technology, 32000 Haifa, Israel

A new approach to guidance of homing missiles is considered. Like classical proportional navigation (PN), the
new guidance law utilizes line-of-sight (LOS) rate measurement only. However, its performance is superior to PN,
in the sense that zero-miss-distance (ZMD) is obtained against highly maneuvering targets. This merit is achieved
with neither the estimationof target maneuvernor time to go. In the derivationof the new guidancelaw, a linearized
formulationof the PN interception kinemtics is used. Based on the method of adjoints, it is proved analytically that
when the overall transfer function of the missile is biproper, that is, the degree of the numerator equals the degree of
the denominator, ZMD is obtained.The ZMD property holds in the followingcases: deterministic target maneuvers,
random target maneuvers, deterministic target maneuvers with random starting times, fading noise, and passive-
and active-receiver noise. The realization of the new guidance law requires lead compensation. When LOS rate
measurement is corrupted by noise, lead– lag compensation can be used instead. These design considerations are
illustrated in simulations,which verify that negligiblemiss distance against highly maneuvering targets is obtained
even when the LOS rate measurement is noisy.

Nomenclature
a = lateral acceleration
N 0 = effective proportionalnavigation constant
R = missile-target relative range
r = relative order of a rational function
t f = � ight time
V = velocity
VC = closing velocity
y = missile-target relative vertical position
y(t f ) = miss distance
c = � ight-path angle
f = damping coef� cient
k = line-of-sight angle
s = time to go
s 1 = missile time constant
x n = natural frequency

Subscripts

C = commanded value
f = � nal value
M = missile
T = target
0 = initial value

I. Introduction

T HE challenging problem of missile guidance has been treated
using several basic methodologies. The classical approach is

to apply missile maneuver acceleration proportionally to the mea-
sured line-of-sight (LOS) rate. The resulting guidance law is the
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well-known proportional navigation (PN). The modern approach
to missile guidance is based on optimal control theory (one-sided
optimization) and differential games (two-sided optimization).

PN is probably the method most commonly used for guidance
of homing missiles, and a vast amount of literature exists on the
subject (e.g., see Refs. 1 and 2 and the references therein). Mod-
ern guidance laws have also been thoroughly analyzed.3 ¡ 5 PN is
known to yield reasonablemiss distance when applied against non-
maneuvering or moderately maneuvering targets, whereas modern
guidance laws can theoretically achieve zero-miss distance (ZMD)
against highly maneuvering targets. This merit is obtained at the
expense of additional information, required for the implementation
of theseguidancelaws. In particular,an estimationof time to go and
target maneuver is required. The latter requirement is not a simple
task to follow, and even when ful� lled, due to the inherent time de-
lay of the estimator,6 ¡ 8 the guidance law performance deteriorates.
Also, modern guidance laws are often quite complicated; closed-
form solutions exist only when system dynamics are neglected or
approximated to � rst-order9 or second-order10 transfer functions.
This complexity demands a considerable real-time computational
capability.Furthermore, because modern guidance laws result in an
inverseof the systemdynamics, their robustnesshas beendoubted.11

In this paper, we suggest an alternativeapproach to missile guid-
ance. The guidance law conceived relies on LOS rate measurement
only, like the classical PN, yet its performance is similar to mod-
ern guidance laws, in the sense that ZMD can be obtained against
highly maneuvering targets. This approach is therefore called the
neoclassical approach to missile guidance. Consequently, the main
purposeof the paper is to presenta new guidance law based on LOS
rate measurement only, the main features of which are as follows:

1) In the case where LOS rate measurement is not corrupted by
noise, the new guidance law yields ZMD for any � ight time, against
targets performing an arbitrary (bounded) deterministic maneuver,
randommaneuver,or deterministicmaneuverwith a randomstarting
time.

2) The new guidance law yields ZMD for all � ight times in the
case of stochastic inputs, such as fading noise and passive- and
active-receivernoise.

3) In the case where the LOS rate measurement is corrupted by
noise, a straightforward modi� cation will give near-ZMD perfor-
mance.
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4) The maneuver acceleration required to achieve ZMD perfor-
mance remains within reasonable limits, such that the overall ma-
neuver effort is smaller than that required by PN guidance (PNG).

In the derivation of our neoclassical guidance law, called ZMD–

PNG, we rely on the basic kinematic scenarioused for the formula-
tion of the PNG interceptionproblem. Although in the general case
PNG is a nonlinear control problem, to apply known techniques
of analysis and design, the system equations are linearized, yield-
ing an equivalent linear time-varying system. The linearization is
valid when it is assumed that the missile and target approach the
so-called collision course. It is known that the linearized model
faithfully represents the guidance dynamics2,12,13 and that the miss
distance associated with the linear approximation is very close to
that obtained from the nonlinear mode.2,13

A most popular tool for the analysis of the linear PNG loop is
the method of adjoints.2,14,15 This technique is based on the adjoint
system impulse response and can be used to analyze miss distance
caused by arbitraryinputs to the PNG system.Although this method
renders analytical expressions for the miss distance as a function of
� ight time, it is very dif� cult to get closed-form solutions for high-
order systems or for cases where the effective PN constant is not
an integer. Thus, the use of this method is mainly numerical, that
is, simulations of the adjoint loop are carried out to analyze miss
distance. Except for simple cases,2,15 no direct design information
is available.

In this paper, the adjoint formulas are utilized to the derivation
of the ZMD–PNG law. We � rst examine the miss-distance formu-
las for three main cases: deterministic target maneuvers, stochastic
inputs (such as fading noise, passive- and active-receivernoise, and
random target maneuver) and deterministic target maneuvers with
random starting times. The key observationis that when the dynam-
icsof the guidanceloop,givenby some transferfunction,is biproper,
that is, the degree of the numerator equals the degree of the denom-
inator, ZMD is rendered for all cases mentioned. This, of course,
requires lead compensation, which can be achieved by augment-
ing the guidance commands by proportional–derivative controller.
However, lead compensation causes noise ampli� cation problems
when the LOS rate measurement is corrupted by noise. However,
one can use lead–lag compensation instead, such that near-ZMD is
obtained.These designconsiderationsare illustratedin simulations,
which verify that ZMD–PNG gives negligiblemiss distanceagainst
highly maneuvering targets, even when the LOS rate measurement
is noisy.

An additionalcontributionof thispaper is that it connectsbetween
the PNG loop so-called � nite time stability and miss distance. It
was conjectured,13,16,17 based on empirical experience, that a strong
relationship exists between � nite time stability and miss distance.
By de� ning the concept of � nite time global absolute asymptotic
stability (FT-GAAS) and the utilization of the circle criterion, we
show that if the system is FT-GAAS until the end of the � ight there
will be no miss distance.

The paper is organized as follows. Section II presents the math-
ematical modeling of the linearized PNG loop and formulates the
problem of ZMD–PNG. Section III outlines the class of transfer
functions that yield ZMD and stresses some design implications. In
Sec. IV, illustrative examples based on numerical simulations are
presented. We conclude our discussion in Sec. V.

II. Problem Formulation
The general formulation of a three-dimensionalPN interception

problem is rather complicated. However, assuming that the lateral
and longitudinal maneuver planes are decoupled by means of roll
control, one can deal with the equivalent two-dimensionalproblem
in quite a realistic manner. We shall further assume that the geom-
etry is two dimensional. In addition to this basic assumption, we
shall also assume that the gravitational component of the total mis-
sile lateral acceleration is negligible.These assumptions enable the
formulationof a generalplanar interceptionmissile-targetgeometry
as shown in Fig. 1. Figure 1 describes a missile employing PN to
intercept a maneuvering target.

Based on Fig. 1, a linearized model of the guidance dynamics
can be developed. Such a model is widely used in the analysis of

Fig. 1 Interception geometry.

PNG.1,2,14,18 A blockdiagramdescribingthe linearmodel is given in
Fig. 2. In this linear time-varying system, missile accelerationaM is
subtractedform target accelerationaT to forma relativeacceleration
ÿ. A double integration yields the relative vertical position y (see
Fig. 1), which at the end of the engagement is the miss distance
y(t f ). When the closing velocity VC is assumed to be constant, the
relative range is given by

R = VC ¢ s (1)

where s is the time to go, de� ned as

s
D
= t f ¡ t (2)

Dividing the relativevertical position y by the rangegiven in Eq. (1)
yields the geometricLOS angle k . The missile seeker is represented
in Fig. 2 as an ideal differentiatorwith an additional transfer func-
tion G1(s), which represents the LOS rate measurement and noise
� ltering dynamics.The seeker generates an LOS rate command Çk C ,
which is multiplied by the PN gain N 0 ¢ VC to form a commanded
missile maneuver acceleration aC , with N 0 being the effective PN
constant.The � ight control system,whose dynamicsare represented
by the transfer function G2(s), attempts to maneuver the missile ad-
equately to follow the desired acceleration command.

A common use of the model shown in Fig. 2 is miss-distance
analysis. In particular, the method of adjoints is utilized.1,2,14,15 The
adjoints technique is based on the system impulse response and can
beused to analyzemiss distanceas a functionof � ight time, provided
that the system is linear. This method is utilized to the analysis of
miss distancedue to deterministicdisturbances,2 stochasticinputs,14

and deterministic target maneuvers with random starting times.15

These cases are dealt with hereby. The purpose of the subsequent
discussionis to prove that there exists a class of PNG-based systems
that yield ZMD for any type of input (deterministic, stochastic,
random) and any given � ight time.

A. Deterministic Disturbances
In the deterministic case, the miss distance is given by

y(t f ) = ¡ 1{Q(s) ¢ yT (s)} (3)

where

Q(s)
D
= exp N 0

s

1
H ( r ) d r (4)

G(s)
D
= G1(s)G2(s) (5)

H (s)
D
= G(s)/ s (6)

yT (s) = {yT (t )} (7)
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Fig. 2 Linearized PNG model block diagram.

In these expressions, is the Laplace transform and yT (t ) the de-
terministic system input, which can either be an initial condition or
a deterministic target maneuver (Fig. 2). G(s) is the LOS rate mea-
surement and � ight control dynamics of the PNG loop (see Fig. 2)
and is assumed to be asymptotically stable with G(0) = 1.

B. Stochastic Inputs
Stochastic inputs are divided into two subcategories:1) noise in-

puts, suchas fadingnoise,passive-and active-receivernoise(mainly
in radar-guided missiles) and glint noise (mainly in radar-guided
missiles and to a much smaller extent, in electro-opticalmissiles as
well) and 2) randomtargetmaneuvers,such as the randomtelegraph
maneuver.14,19

The expressions for the rms miss distance in these cases, with
Q(s) as in Eq. (4), are well known.2,5

Here rms miss due to fading noise, which is a range-independent
LOS angular noise, is given by

E y2(t f )
fading

U fn
=

t f

0

¡ 1 dQ(s)

ds

2

dt (8)

where U fn is the power spectral density (PSD) of the fading noise,
in square radian per hertz.

The rms miss due to passive-receivernoise is

E y2(t f )
passive

U pn
=

t f

0

¡ 1 d2 Q(s)

ds2

2

dt (9)

where U pn is the PSD of the passive-receivernoise, in square radian
per hertz.

The rms miss due to active-receivernoise is

E y2(t f )
active

U an
=

t f

0

¡ 1 d3 Q(s)
ds3

2

dt (10)

where U an is the PSD of the active-receivernoise, in square radian
per hertz.

The rms miss due to glint noise is

E y2(t f )
glint

U gn
=

t f

0

{ ¡ 1[1 ¡ Q(s)]}2 dt (11)

where U gn is the PSD of the glint noise, in square radian per hertz.
A well-known example for a random target maneuver is the ran-

dom telegraph. A random telegraph maneuver represents a policy,
starting at time zero, in which the target executes either a maxi-
mum positive or negative acceleration § aT such that the number
of sign changes per second follows a Poisson distribution and the
average number of sign changes is m per second. By the demand
of equivalenceof second-ordermiss distance statistics, the random
sequencecan be representedas a whitenoisepassingthrougha shap-
ing � lter.20 Thus, the followingexpressionfor the rms miss distance
is obtained14,20:

E y2(t f )
RT

U RT
=

t f

0

¡ 1 1
s / (2 m ) + 1

¢
Q(s)
s2

2

dt (12)

where U RT = (aT )2
max / m is the PSD of the white noise, passing

through the shaping � lter P(s) = 1/ [s / (2m ) + 1].

C. Deterministic Target Maneuvers with Random Starting Times
The target might initiate a maneuver at some random time dur-

ing � ight. It is assumed that the probability distribution function
of the maneuver starting time is known. For instance, assume that
the target performs a constant maneuver aT whose starting time is
uniformlydistributedover the � ight time. By the demand of equiva-
lence of second-ordermiss distance statistics, this maneuver can be
described as a white noise, with PSD U S = a2

T / t f passing through
the shaping � lter 1/ s (Ref. 2). In this case, the rms miss distance is
given by

E y2(t f )
S

U S
=

t f

0

¡ 1 Q(s)
s3

2

dt (13)

Anotherpossibilityis that the targetperformsa sinusoidalmaneuver,
whose starting time is uniformlydistributed,that is, the phase of the
maneuver, } , is a random variable:

aT (t ) = aT sin( x T t + } ) (14)

The random-phase sinusoidal maneuver can be represented as a
white noise with PSD U sin = a2

T / t f passing through the shaping
� lter P(s) = 1/ b x T (s / x T )2 + x T c . The rms miss distance is given
by14

E y2(t f )
sin

U sin
=

t f

0

¡ 1 1/ x T

(s / x T )2 + 1
¢

Q(s)
s2

2

dt (15)

In the general case, any target maneuver with random starting time
can be represented as a white noise with PSD U in passing through
a shaping � lter P(s). Thus, the rms miss distance is given by14

E y2(t f )

U in
=

t f

0

¡ 1 P(s) ¢
Q(s)
s2

2

dt (16)

In the subsequent discussion, we shall address the following prob-
lem: Determine the set of all possible strictly proper transfer func-
tions H (s), de� ned in Eq. (6), such that the miss distance becomes
zero for all � ight times and all possible deterministic, stochastic,
and random inputs to the guidance systems. That is, we wish to � nd
the following class:

H = {H (s) : y(t f ) ´ 0 8 t f } (17)

Notice that due to the de� nition of H (S) given in Eq. (6) � nding
the class H immediately characterizes the set G, where

G = {G(s) : y(t f ) ´ 0 8 t f } (18)
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III. Class of All PNG-Based Systems Yielding ZMD
Exclude for the moment the miss distance due to glint [Eq. (11)].

Notice that in all other cases [Eqs. (3), (8–16)], if Q(s) had been
identicallyequal to zero,nomiss distancewould havebeenobtained.
Thus, to characterizethe classofZMD PNG-based systems,we have
to � nd when Q(s) equals zero. To begin, we notice that Eq. (4) can
be rewritten into the following form:

Q(s) = eN 0 F (s ) eN 0 F ( 1 ) (19)

where

F(x )
D
= H ( r ) d r

r = x

(20)

Since eN 0 F (s ) 6´ 0, Q(s) ! 0 if and only if eN 0 F ( 1 ) ! 1 , which
requires F( 1 ) ! 1 . Hence, it is required to determine H (s) for
which F ( 1 ) ! 1 . To do this, the followingtheoremis introduced.

Theorem: Consider a strictly proper rational function of the form

H (s) =
b(s)
a(s)

=
b1sn ¡ 1 + b2sn ¡ 2 + ¢ ¢ ¢ + bn

sn + a1sn ¡ 1 + ¢ ¢ ¢ + an
, b1 ¸ 0 (21)

where a(s), b(s) are coprime polynomials.
Denote by r the relative order of H (s), that is, r

D
=

deg[a(s)] ¡ deg[b(s)]. Under these conditions,

F( 1 ) = lim
r ! 1

H ( r ) dr !
0 iff r ¸ 2

1 iff r = 1
(22)

Proof: See Appendix A.
The relevance of the theorem to the classi� cation of all PNG-

basedsystems renderingZMD is clari� ed by means of the following
corollary.

Corollary of Theorem: G(s) 2 G if and only if b1 > 0, that is,
G(s) is biproper (i.e., the degree of the numerator equals the degree
of the denominator),

G = {G(s) : b1 > 0} (23)

Proof: In the theorem, take H (s) = G(s)/ s. According to this
theorem, F( 1 ) ! 1 if and only if r[H (s)]= 1. Thus, since
r[H (s)]= r[G(s)/ s] = r[G(s)] + r[s] = 1, r[G(s)]= 0, which
means that G(s) is biproper.

The set G contains all of the transfer function G(s) that impose
ZMD to the PNG system shown in Fig. 2. Note that the theo-
rem 1 and its corollary provide necessary and suf� cient conditions.
Consequently, if y(t f ) ´ 0 8 t f , then G(s) 2 G; and conversely, if
G(s) 2 G, then y(t f ) ´ 0 8 t f .

The interpretation of the theorem and its corollary should be as
follows. If G(s), the dynamics of the PNG loop, is biproper, that
is, the degree of the numerator equals the degree of the denomi-
nator, the miss distance will be identically zero for all � ight times
and all deterministic or random target maneuvers. Furthermore, in
the stochastic case, ZMD is obtained for the cases of fading and
passive- and active-receiver noise inputs. Because in general G(s)
is a strictlyproper transfer function,that is, the degreeof the denom-
inator is greater than the degree of the numerator, a guidance con-
troller comprised of lead networks, such as proportional–derivative
(PD) controllers,should be added. However, pure lead causes noise
ampli� cation problems. Thus, instead of pure lead compensation,
lead–lag networks should be used. In this case, the miss distance is
not identically zero, but it is reduced dramatically, as shown in the
simulations described in Sec. IV. The PN-based guidance law with
the appropriate compensation will be called hereafter ZMD–PNG.

Note that the case of glint noise is different from all other inputs.
Observe that in the stochasticcase the expressionsfor miss distance
comprisederivativesof Q(s), whereas in the case of glint [Eq. (11)],
the miss distance is calculated by taking the inverse Laplace trans-
form of 1 ¡ Q(s). Consequently, we notice that if Q(S) ´ 0, then
for long � ight times

E y2(t f )
glint

U gn
=

1

0

¡ 1(1) dt =
1

0

d (t ) dt = 1 (24)

That is, the rms miss distance due to glint will be from the order
of magnitude of the PSD of the noise. This implies that the imple-
mentation of the ZMD–PNG law is more appropriate in low glint
systems, such as missiles with electro-opticalseekers, rather than in
missiles with radar seekers,where the glint is much more dominant.

As mentioned,ZMD can be obtainedby employingmodern guid-
ance as well. However, perhaps the most importantadvantageof the
ZMD-PNG over modernguidance laws is that it requiresneither the
estimation of target maneuver nor the time to go. Nevertheless, the
performance of the ZMD–PNG is not inferior to optimal guidance,
as will be illustrated in Sec. IV.

One of the main concerns of a guidance engineer interested in
implementing the ZMD–PNG law, is its effect on guidance loop
stability. Because the guidance loop after linearization is a time-
varying system, its stability analysis should be performed with spe-
cialized tools, such as the circle criterion. This issue is discussed in
Appendix B, where it is shown that stability and ZMD are closely
related.Moreover, it is shown in AppendixB that the class of PNG-
basedsystems that remain stable (in the senseof the de� nition given
in Appendix B) until the interception end is a subset of the PNG-
based systems yielding ZMD.

The design implication of the precedingdiscussion may be sum-
marized in the following design principle:

Suppose that the transfer functions G1(s) and G2(s) are given.
To achieve ZMD, a compensator K (s) should be designedsuch that
G(s) = K (s)G1(s)G2(s) is biproper.

The design principle implies that K (s) will necessarilycomprise
a number of PD controllers. Nevertheless, a considerable perfor-
mance improvement may be obtained even if the design principle is
somewhat loosened, that is, lead–lag compensation is used.

IV. Illustrative Examples
In this section, we consider realistic examples that illustrate the

performance of the ZMD–PNG law and compare it to PNG and
optimal guidance.

A. Missile Model
The ZMD–PNG design process proposed will be illustrated us-

ing a third-order model of G(s). The � ight control dynamics are
assumed a second-order transfer function with damping f and nat-
ural frequency x n , and the seeker LOS rate measurement dynamics
are modeled by a single time lag. As a result, we get

G1(s)G2(s) = 1 ( s 1s + 1) ¢ s2 / x 2
n + 2f s / x n + 1 (25)

Let

s 1 = 0.3 s, f = 0.5, x n = 10 rad/s (26)

Also, assume that

N 0 = 4, VC = 1000 m/s (27)

and that the missile maneuver acceleration is limited by twice the
acceleration of the target, that is,

l 0
D
=

maxt j aM (t ) j
maxt j aT (t ) j

= 2 (28)

B. ZMD–PNG Design
According to the design principle, we should design a controller

K (s) such that G(s) = K (s)G1(s)G2(s) is biproper. Consider the
following controller:

K (s) =
3

i = 1

s Zi s + 1 (29)

Let s Z i = s Z = 0.23 s.
Controller(29) shallbe calledan idealcontroller,and the resulting

PN-based guidance law will be called ideal ZMD–PNG.
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Because K (s) is a PD controller, noise ampli� cation problems
might arise. To overcome the problem, the following controller is
suggested:

K (s) =
3

i = 1

s Zi s + 1

s Pi s + 1
(30)

Controller (30) shall be called an actual controller, and the result-
ing PN-based guidance law will be called actual ZMD–PNG. It is
apparent that with this type of a controller, the design principle is
not accomplishedexactly because the resultingG(s) is not biproper.
Nonetheless, if the additional lag is not too large, we can achieve
near-ZMD. Thus, let s Pi = s P and s Zi = s Z . If s P is small enough,
the phase lag will occur at high frequencies,higher than the typical
missile operating frequencies. Thus, no substantial degradation of
performance is expected. We chose s p = 0.05 s.

The corresponding commanded missile acceleration with the
ideal and actual ZMD–PNG are

aC = N 0 VC

3

i = 1

s Z i s + 1 Çk C , aC = N 0 VC

3

i = 1

s Z i s + 1

s Pi s + 1
Çk C

C. Optimal Guidance Law
The performance of ZMD–PNG will be compared to optimal

guidance.Recall that an optimal guidance law (OGL) for � rst-order
system dynamics and a maneuvering target was � rst introduced in
Ref. 9. It was extensivelystudied in Refs. 2 and 10. The OGL results
from the minimization of the quadratic cost

J =
t f

0

a2
c (t ) dt (31)

subject to

y(t f ) = 0

Çy

ÿ

ÇaT

ÇaM

=

0 1 0 0

0 0 1 ¡ 1

0 0 0 0

0 0 0 ¡ 1/ s D

¢

y

Çy

aT

aM

+

0

0

0

1/ s D

aC (32)

where s D is the time constant of a � rst-order system.

Fig. 3 Missile maneuver acceleration comparison for a sinusoidal target maneuver shows that ZMD–PNG does not require an excessive maneuver
effort.

The following acceleration command ac results:

ac = [N 0 (h )/ s 2] y + Çy s + 0.5aT s 2 ¡ aM s 2
D(e ¡ h + h ¡ 1) (33)

where h = s / s D and

N 0 (h ) =
6h 2(e ¡ h + h ¡ 1)

2h 3 ¡ 6h 2 + 6h + 3 ¡ 12h e ¡ h ¡ 3e ¡ 2h
(34)

Note the following:
1) To implement the OGL, an estimationof time to go and an esti-

mation of target maneuver are required. These tasks, especially the
estimation of target maneuver, are not trivial. In the simulations to
be presented,we have assumed that the targetmaneuver is estimated
with a delay of 0.2 s, which is quite an optimistic assumption.

2) In most applications, and in our example as well, the system
dynamics are of high order, and so there is a mismatch between
the system model taken for the OGL design and the actual system
model. In this case, s D is used to tune the performanceof the OGL.
We have chosen s D = 1 s. One could, of course, try to derive an
OGL for the actual system model; however, for high-order systems,
this will result in very complicated expressions, whose realization
is impractical.

Note that the drawbacksof theOGL do not existwhenconsidering
a ZMD–PNG law. Neither the estimation of target maneuver nor
time to go is required. Its realizationis far simpler, and furthermore,
it is not sensitive to uncertainty in system time constant because
only the relative order of the dynamics is important.

The performance of the guidance loop is to be evaluated in four
cases: PNG, ideal ZMD–PNG, actual ZMD–PNG, and OGL. Also,
we consider two types of target maneuvers: a sinusoidal (weave)
maneuver and a random telegraph maneuver.

D. Sinusoidal Maneuver
The sinusoidal target maneuver satis� es

aT = aT0 sin( x T t ) (35)

Let aT0 = 1 g, x T = 2.5 rad/s, and t f = 5 s. We � rst examinewhether
ZMD–PNG requires an excessive maneuver effort. Figure 3 shows
the absolute value of missile acceleration for the four guidance
laws considered. Notice that, in the case of PNG, the acceleration
saturates, causing a miss distance of 0.5 m. However, ZMD–PNG
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Fig. 4 Comparison of rms miss distances shows that actual ZMD–PNG gives negligible miss distance against a sinusoidal target.

Fig. 5 Maneuver acceleration comparison for a random telegraph target maneuver shows that the acceleration command with ZMD–PNG does not
saturate.

does not saturate, either in its ideal or actual form, and the miss
distance is negligible. OGL requires a larger maneuver effort than
ZMD–PNG. This is because the OGL was designed speci� cally
for � rst-order systems. When the order of system dynamics is
higher, a large maneuver effort is required to compensate the model
mismatch.

To examine miss distance, a Monte Carlo simulation was per-
formed. In the Monte Carlo simulation we assumed a sinusoidal
target maneuver (35) and the missile model given in Eqs. (25–28).
To evaluate the ZMD–PNG performance in a stochastic environ-
ment, a zero-mean Gaussian white noise with a standard deviation
of 0.05 deg/s was added to the LOS rate measurement.The guidance
laws considered were PNG, actual ZMD–PNG, and OGL. Figure 4
shows rms values of miss distance as a function of � ight time. It
is seen that PNG yields rms miss distances that range from 0.5 to
2.5 m. OGL exhibitsa betterperformance,with an averagerms miss

of about 0.1 m. Actual ZMD–PNG yields the smallest rms miss dis-
tance, of about 0.02 m. The miss distance with actual ZMD–PNG is
not identicallyzerobecauseof the small lag incorporatedto dealwith
noise � ltering.Thus, we conclude that the ZMD–PNG considerably
improves miss distance, even when the LOS rate measurement is
corrupted by noise.

E. Random Telegraph Maneuver
Figure 5 shows the absolute value of missile acceleration for the

four guidance laws considered. Some interesting observations can
be drawn from Fig. 5. PNG saturates 0.5 s before � ight termina-
tion. The ideal ZMD–PNG does not saturate. Consequently, it is
evident that in the case of a random target maneuver, such as ran-
dom telegraph, the new guidance law prevents missile acceleration
saturation.When a small lag is used, that is, actual ZMD–PNG, the
acceleration saturates very close to � ight termination, thus causing
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Fig. 6 Comparison of rms miss distances shows that actual ZMD–PNG gives negligiblemiss distance against a target performing a random telegraph
maneuver.

a negligible miss distance. OGL does not exhibit a feasible per-
formance: This guidance law cannot deal adequately with target
maneuvers when the missile dynamics are of high order.

A Monte Carlo simulation for the evaluation of miss distance
was used in the random telegraph case as well. The guidance laws
consideredwere PNG, actualZMD–PNG, and OGL. Figure6 shows
rms valuesofmiss distanceas a functionof � ight time. Clearly,PNG
yields rms miss distances that range from 1.5 to 2 m. OGL exhibits
a better performance, with a miss of about 1 m. Actual ZMD–PNG
yields the best performance, with an average rms miss of 0.05 m.

V. Conclusions
In this study, a new guidancelaw was presented.The derivationof

this law comprisesof two main stages: First, linearPNG kinematics
was adopted. Second, the expressions for miss distance, derived by
the method of adjoints, were analyzed. This analysis has shown
that ZMD could be obtained for any � ight time, provided that the
guidance transfer function is biproper.This is true for the following
cases:deterministicor randomtargetmaneuverandstochasticinputs
such as fading and passive- and active-receivernoise.

The design procedure of the new guidance law, ZMD–PNG, in-
volvesleadcompensation.When theLOS ratemeasurementis noisy,
lead–lagcompensationmay beused.SimulationsofZMD–PNG that
compared its performance to PNG and an OGL have given rise to
the following observations:

1) The overall maneuver effort required by the ZMD is smaller
than that required by PNG.

2) The miss distance is considerably smaller than that obtained
with either PNG or OGL. Actually, it is very close to zero.

Perhaps the main advantageof ZMD–PNG over modernguidance
laws is that it does not require the estimation of target maneuver or
time to go. It uses LOS rate measurements only.

Finally, note that the best performanceof ZMD–PNG is expected
in low glint systems, such as missiles with electo-optical seekers.
This is due to the inherentleadcompensationinvolved,whichmakes
the system more sensitive to glint effects.

Appendix A: Proof of Theorem
H (s) can be expanded as a series of the following form21:

H (s) =
1

i = 1

hi s
¡ i (A1)

The {h i } are known as the Markov parameters of H (s). They are
given by

[h1, h2, . . . , hn]T = T ¡ 1(a) ¢ [b1, b2, . . . , bn]T (A2)

where T (a) is a lower triangular Toeplitz matrix with � rst column
[1, a1, . . . , an ¡ 1]T . Note that its inversealways exists.Furthermore,
notice that

h1 = b1 (A3)

so that Eq. (A1) can be written as

H (s) =
b1

s
+

1

i = 2

hi s
¡ i (A4)

By integrating Eq. (A4), we � nd that

F(x ) = b1 (x ) +
1

i = 2

h i

1 ¡ i
x1 ¡ i (A5)

Thus, F( 1 ) ! 0 if and only if b1 = 0, that is, r ¸ 2. Otherwise, for
b1 > 0, since ( 1 ) ! 1 , F ( 1 ) ! 1 .

Note that if H (s) is nonstrictly proper, we can write

H (s) = Hp(s) + m(s) (A6)

where Hp (s) is strictly proper and m(s) is a polynomial remainder.
In this case, F( 1 ) ! 1 since

lim
r ! 1

m( r ) d r ! 1

Appendix B: Connection Between ZMD–PNG
and Loop Stability

It was conjecturedin Refs. 12, 13, and 17 that a strongconnection
exists between system stability and miss distance. In Ref. 13, the
concept of FT-GAAS was introduced. When the circle criterion is
employed, an analytical expression relating system parameters and
the time up to which the PNG system is FT-GAAS was given. Yet,
no analytical formulation relating miss distance to FT-GAAS was
found. Subsequently, such a relation is proposed. In Ref. 13, the
following de� nition of FT-GAAS was suggested.
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De� nition B1 (Ref. 13): The linearized PNG system shown in
Fig. 2 is FT-GAAS in some time interval Jt ¤ = [t0, t ¤ ] µ [t0, t f ] if for
some state vector x(t ) 2 < n there exists P > 0 such that xT (t )Px(t )
is a decreasing function of time 8 x(t0 ), 8 t 2 Jt ¤ .

When the circle criterion22,23 is employed, it is shown13,16 that
FT-GAAS in the interval Jt ¤ is assured provided that the time to go
s = t f ¡ t satis� es

s ¸ s 0
D
= ¡ N 0 min

x 6= 0
Re[H ( j x )] (B1)

where H ( j x ) = G( j x )/ j x is assumed to be minimal and G(s) is
assumed to be asymptotically stable with G(0) = 1.

We wish to determine the class of transfer functions H (s), for
which divergenceof the PNG system state variables, in the sense of
De� nition B1 and Eq. (B1), is avoided. In other words, it is desired
to � nd under what conditions s 0 = 0. Assume for the moment that
such a class exists,

S
D
= {H (s) : s 0 = 0} (B2)

We aim at showing that the class S is a subset of H. To do that, we
consider the following proposition:

Proposition

S µ H (B3)

The physical consequenceof the propositionis that, if some combi-
nation of the state variables of the PNG system (for example, LOS
rate, maneuver acceleration, and commanded acceleration) is kept
bounded until the end of interception, no miss will occur.

Before proving the proposition, we remind the reader of some
facts regarding positive real functions. Denote by (PR) the class
of positive-real transfer functions. Next, consider the following
de� nition.

De� nition B2 (Ref. 24): A transfer function H (s) is positive real
if Re[H (s)] ¸ 0 8 Re[s] > 0.

The necessary and suf� cient conditions for positive realness are
obtained by the following theorem:

TheoremB (Ref. 24): H (s) 2 {PR}if andonly if H (s) is stable, its
poles on the imaginary axis are distinct with the associatedresidues
real and nonnegative and, in addition,

Re[H ( j x )] ¸ 0 8 x > 0 (B4)

Theorem B and Eq. (B1) lead to the following lemma.
Lemma: Time s 0 = 0 if and only if H (s) is positive real, that is,

S ={PR}.
Proof: Suppose that H (s) is positive real. Then accordingto The-

orem B, Re[H ( j x )] ¸ 0 8 x > 0. Because the time to go s is a non-
negative number, Eq. (B1) gives s 0 = 0. Now, suppose that s 0 = 0.
If a minimum of a function is zero, it implies that this function is
nonnegative;thus, Re[H ( j x )] ¸ 0 8 x > 0. Also, we assumed that
G(s) is asymptotically stable and G(0) = 1. Thus, H (s) = G(s)/ s
is stable, and the residue of H (s) at the distinct pole s = 0 is 1. Ac-
cording to Theorem B, these three facts imply that H (s) is positive
real.

Now, we continue with the proof of the proposition. It is well
known24 that for H (s) 2 S ={PR} it is necessary that

r[H (s)] = 0 or 1, b1 > 0 (B5)

Note that Eq. (B5) guarantees that H (s) 2 H. However, because
Eq. (B5) is not a suf� cient condition for strictly positive realness,
there might be cases in which Eq. (B5) holds, but H (s) /2 {PR}.
Thus, it is true that S ={PR} µ H, which proves the proposition.

The preceding discussion underlines that � nite time stability in
the sense of De� nition B1 is stronglyassociatedwith miss distance.
That is, there is a class of PNG systems for which s 0 = 0 yields
ZMD, but there is a much broader class, the class of biproper (with
b1 > 0) transfer functions G(s), which gives ZMD.
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