JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 24, No. 3, May-June 2001
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A new approach to guidance of homing missiles is considered. Like classical proportional navigation (PN), the
new guidance law utilizes line-of-sight (LOS) rate measurement only. However, its performance is superior to PN,
in the sense that zero-miss-distance (ZMD) is obtained against highly maneuvering targets. This merit is achieved
with neither the estimation of target maneuver nor time to go. In the derivation of the new guidancelaw, a linearized
formulation of the PN interception kinemtics is used. Based on the method of adjoints, it is proved analytically that
when the overall transfer function of the missile is biproper, that is, the degree of the numerator equals the degree of
the denominator; ZMD is obtained. The ZMD property holdsin the following cases: deterministic target maneuvers,
random target maneuvers, deterministic target maneuvers with random starting times, fading noise, and passive-
and active-receiver noise. The realization of the new guidance law requires lead compensation. When LOS rate
measurement is corrupted by noise, lead-lag compensation can be used instead. These design considerations are
illustrated in simulations, which verify that negligible miss distance against highly maneuvering targets is obtained

even when the LOS rate measurement is noisy.

Nomenclature
a = lateral acceleration
N' = effective proportional navigation constant
R = missile-targetrelative range
r = relative order of a rational function
ty = flight time
Vv = velocity
Ve = closing velocity
y = missile-targetrelative vertical position
y(tf) = miss distance
y = flight-path angle
¢ = damping coefficient
A = line-of-sightangle
T = timeto go
7 = missile time constant
W, = natural frequency
Subscripts
C = commanded value
f = final value
M = missile
T = target
0 = initial value

I. Introduction

HE challenging problem of missile guidance has been treated
using several basic methodologies. The classical approach is
to apply missile maneuver acceleration proportionally to the mea-
sured line-of-sight (LOS) rate. The resulting guidance law is the
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well-known proportional navigation (PN). The modern approach
to missile guidance is based on optimal control theory (one-sided
optimization) and differential games (two-sided optimization).

PN is probably the method most commonly used for guidance
of homing missiles, and a vast amount of literature exists on the
subject (e.g., see Refs. 1 and 2 and the references therein). Mod-
ern guidance laws have also been thoroughly analyzed>~> PN is
known to yield reasonable miss distance when applied against non-
maneuvering or moderately maneuvering targets, whereas modern
guidance laws can theoretically achieve zero-miss distance (ZMD)
against highly maneuvering targets. This merit is obtained at the
expense of additional information, required for the implementation
of these guidancelaws. In particular,an estimation of time to go and
target maneuver is required. The latter requirement is not a simple
task to follow, and even when fulfilled, due to the inherent time de-
lay of the estimator~® the guidance law performance deteriorates.
Also, modern guidance laws are often quite complicated; closed-
form solutions exist only when system dynamics are neglected or
approximated to first-order’ or second-order'® transfer functions.
This complexity demands a considerable real-time computational
capability. Furthermore, because modern guidance laws resultin an
inverse of the system dynamics, theirrobustnesshas been doubted.'!

In this paper, we suggest an alternative approach to missile guid-
ance. The guidance law conceived relies on LOS rate measurement
only, like the classical PN, yet its performance is similar to mod-
ern guidance laws, in the sense that ZMD can be obtained against
highly maneuvering targets. This approach is therefore called the
neoclassical approach to missile guidance. Consequently, the main
purpose of the paper is to presenta new guidance law based on LOS
rate measurement only, the main features of which are as follows:

1) In the case where LOS rate measurement is not corrupted by
noise, the new guidance law yields ZMD for any flight time, against
targets performing an arbitrary (bounded) deterministic maneuver,
randommaneuver,or deterministicmaneuverwith arandomstarting
time.

2) The new guidance law yields ZMD for all flight times in the
case of stochastic inputs, such as fading noise and passive- and
active-receivernoise.

3) In the case where the LOS rate measurement is corrupted by
noise, a straightforward modification will give near-ZMD perfor-
mance.
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4) The maneuver acceleration required to achieve ZMD perfor-
mance remains within reasonable limits, such that the overall ma-
neuver effort is smaller than that required by PN guidance (PNG).

In the derivation of our neoclassical guidance law, called ZMD-
PNG, we rely on the basic kinematic scenarioused for the formula-
tion of the PNG interception problem. Although in the general case
PNG is a nonlinear control problem, to apply known techniques
of analysis and design, the system equations are linearized, yield-
ing an equivalent linear time-varying system. The linearization is
valid when it is assumed that the missile and target approach the
so-called collision course. It is known that the linearized model
faithfully represents the guidance dynamics>'>!3 and that the miss
distance associated with the linear approximation is very close to
that obtained from the nonlinear mode.> '

A most popular tool for the analysis of the linear PNG loop is
the method of adjoints >'*!> This technique is based on the adjoint
system impulse response and can be used to analyze miss distance
caused by arbitrary inputs to the PNG system. Although this method
renders analytical expressions for the miss distance as a function of
flight time, it is very difficult to get closed-form solutions for high-
order systems or for cases where the effective PN constant is not
an integer. Thus, the use of this method is mainly numerical, that
is, simulations of the adjoint loop are carried out to analyze miss
distance. Except for simple cases,>!> no direct design information
is available.

In this paper, the adjoint formulas are utilized to the derivation
of the ZMD-PNG law. We first examine the miss-distance formu-
las for three main cases: deterministic target maneuvers, stochastic
inputs (such as fading noise, passive- and active-receivernoise, and
random target maneuver) and deterministic target maneuvers with
random starting times. The key observationis that when the dynam-
ics of the guidanceloop, given by some transferfunction,is biproper,
that is, the degree of the numerator equals the degree of the denom-
inator, ZMD is rendered for all cases mentioned. This, of course,
requires lead compensation, which can be achieved by augment-
ing the guidance commands by proportional-derivative controller.
However, lead compensation causes noise amplification problems
when the LOS rate measurement is corrupted by noise. However,
one can use lead-lag compensation instead, such that near-ZMD is
obtained. These design considerationsare illustrated in simulations,
which verify that ZMD-PNG gives negligible miss distance against
highly maneuvering targets, even when the LOS rate measurement
is noisy.

An additionalcontributionof this paperis thatit connectsbetween
the PNG loop so-called finite time stability and miss distance. It
was conjectured,*'%!7 based on empirical experience, that a strong
relationship exists between finite time stability and miss distance.
By defining the concept of finite time global absolute asymptotic
stability (FT-GAAS) and the utilization of the circle criterion, we
show that if the system is FT-GAAS until the end of the flight there
will be no miss distance.

The paper is organized as follows. Section II presents the math-
ematical modeling of the linearized PNG loop and formulates the
problem of ZMD-PNG. Section III outlines the class of transfer
functions that yield ZMD and stresses some design implications. In
Sec. 1V, illustrative examples based on numerical simulations are
presented. We conclude our discussionin Sec. V.

II. Problem Formulation

The general formulation of a three-dimensional PN interception
problem is rather complicated. However, assuming that the lateral
and longitudinal maneuver planes are decoupled by means of roll
control, one can deal with the equivalent two-dimensional problem
in quite a realistic manner. We shall further assume that the geom-
etry is two dimensional. In addition to this basic assumption, we
shall also assume that the gravitational component of the total mis-
sile lateral accelerationis negligible. These assumptions enable the
formulationof a general planarinterceptionmissile-targetgeometry
as shown in Fig. 1. Figure 1 describes a missile employing PN to
intercept a maneuvering target.

Based on Fig. 1, a linearized model of the guidance dynamics
can be developed. Such a model is widely used in the analysis of

LOS

Reference Line

Fig. 1 Interception geometry.

PNG.!21418 A block diagram describingthe linear modelis givenin
Fig. 2. In this linear time-varying system, missile accelerationay, is
subtractedform targetaccelerationa to formarelativeacceleration
¥. A double integration yields the relative vertical position y (see
Fig. 1), which at the end of the engagement is the miss distance
¥(t¢). When the closing velocity V¢ is assumed to be constant, the
relative range is given by

R=Vc-1 (1)
where 7 is the time to go, defined as
t2i, 1 )

Dividing the relative vertical position y by the range given in Eq. (1)
yields the geometric LOS angle A. The missile seeker is represented
in Fig. 2 as an ideal differentiator with an additional transfer func-
tion G(s), which represents the LOS rate measurement and noise
filtering dynamics. The seeker generates an LOS rate command Ac,
which is multiplied by the PN gain N’ - V- to form a commanded
missile maneuver acceleration ac, with N’ being the effective PN
constant. The flight control system, whose dynamicsare represented
by the transfer function G, (s), attempts to maneuver the missile ad-
equately to follow the desired acceleration command.

A common use of the model shown in Fig. 2 is miss-distance
analysis. In particular, the method of adjoints is utilized."">!*!5 The
adjoints technique is based on the system impulse response and can
beusedto analyzemiss distanceas a functionof flighttime, provided
that the system is linear. This method is utilized to the analysis of
miss distance due to deterministicdisturbances? stochasticinputs,'*
and deterministic target maneuvers with random starting times.'
These cases are dealt with hereby. The purpose of the subsequent
discussionis to prove that there exists a class of PNG-based systems
that yield ZMD for any type of input (deterministic, stochastic,
random) and any given flight time.

A. Deterministic Disturbances
In the deterministic case, the miss distance is given by

Y1) = £706) - yr(s)) 3)
where
0(s) = exp(N’ / JH(o)do) o)
G(5) = G1(5)Ga(s) 5)
H(s) = G(s)/s ©)
yr(s) = L{yr(1) !
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Fig.2 Linearized PNG model block diagram.

In these expressions, £ is the Laplace transform and y;(¢) the de-
terministic system input, which can either be an initial condition or
a deterministic target maneuver (Fig. 2). G(s) is the LOS rate mea-
surement and flight control dynamics of the PNG loop (see Fig. 2)
and is assumed to be asymptotically stable with G(0) = 1.

B. Stochastic Inputs

Stochastic inputs are divided into two subcategories: 1) noise in-
puts,suchas fadingnoise, passive-and active-receivernoise (mainly
in radar-guided missiles) and glint noise (mainly in radar-guided
missiles and to a much smaller extent, in electro-optical missiles as
well) and 2) random target maneuvers, such as the random telegraph
maneuver.'*!

The expressions for the rms miss distance in these cases, with
QO(s) asin Eq. (4), are well known >3

Here rms miss due to fading noise, which is a range-independent
LOS angular noise, is given by

D, B 0 ds

where @y, is the power spectral density (PSD) of the fading noise,
in square radian per hertz.
The rms miss due to passive-receivernoise is

E Q(t ) ) t 2 2
wsz {5-‘[m“ @ O
>, o ds?

where @, is the PSD of the passive-receivernoise, in square radian
per hertz.
The rms miss due to active-receivernoise is

E[y2(tf):| active K -1 d’sQ(S) ’
d>—an=/0 {5 [T“ dr (10

where @, is the PSD of the active-receivernoise, in square radian
per hertz.
The rms miss due to glint noise is

E|y(p)|| . Y
[q)—f”g“m =/ (L7 = Q)] dt (1n
0

gn

where ®@,, is the PSD of the glint noise, in square radian per hertz.

A well-known example for a random target maneuver is the ran-
dom telegraph. A random telegraph maneuver represents a policy,
starting at time zero, in which the target executes either a maxi-
mum positive or negative acceleration * ay such that the number
of sign changes per second follows a Poisson distribution and the
average number of sign changes is v per second. By the demand
of equivalence of second-order miss distance statistics, the random
sequencecan be representedas a white noise passingthrougha shap-
ing filter.° Thus, the following expression for the rms miss distance
is obtained'*2’:

ED2 N _ ([ 0]y
Per siem+1 s

where ®Ogr =(aT)§m/v is the PSD of the white noise, passing

through the shaping filter P(s)=1/[s/(2v) + 1].

C. Deterministic Target Maneuvers with Random Starting Times
The target might initiate a maneuver at some random time dur-
ing flight. It is assumed that the probability distribution function
of the maneuver starting time is known. For instance, assume that
the target performs a constant maneuver a; whose starting time is
uniformly distributed over the flight time. By the demand of equiva-
lence of second-ordermiss distance statistics, this maneuver can be
described as a white noise, with PSD @5 =a2/t; passing through
the shaping filter 1/s (Ref. 2). In this case, the rms miss distance is

given by
E 2 t 2
[an]]s 2/’{£_1[Q(s)“ o (13)
q)s 0 53

Anotherpossibilityis that the target performsa sinusoidalmaneuver,
whose starting time is uniformly distributed, that is, the phase of the
maneuver, ¢, is a random variable:

ar(t) = ay sin(ort + @) (14)

The random-phase sinusoidal maneuver can be represented as a
white noise with PSD @, =a2/t; passing through the shaping
filter P(s)=1/| wr(s/wr)* + wr]. The rms miss distance is given
by14

E[y2(ff)] 1/ or

w_ [T, o)1’
sin __ 1 .
q)sin - \/; {l: [(S/COT)Z +1 52 }} dr (15)

In the general case, any target maneuver with random starting time
can be represented as a white noise with PSD ®;, passing through
a shaping filter P(s). Thus, the rms miss distanceis given by'*

Elv? t 2
Elren] =// {z-l[P(s).QLj)“ & (16)
0 N

q)in

In the subsequentdiscussion, we shall address the following prob-
lem: Determine the set of all possible strictly proper transfer func-
tions H(s), defined in Eq. (6), such that the miss distance becomes
zero for all flight times and all possible deterministic, stochastic,
and random inputs to the guidance systems. That is, we wish to find
the following class:

H={H@s):y1)= 0 ¥} (17)

Notice that due to the definition of H(S) given in Eq. (6) finding
the class H immediately characterizes the set G, where

G=1{G(s):y(t)=0 ¥} (18)
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III. Class of All PNG-Based Systems Yielding ZMD

Exclude for the moment the miss distance due to glint [Eq. (11)].
Notice that in all other cases [Egs. (3), (8-16)], if Q(s) had been
identicallyequalto zero,no miss distance would have been obtained.
Thus, to characterizethe class of ZMD PNG-based systems, we have
to find when Q(s) equals zero. To begin, we notice that Eq. (4) can
be rewritten into the following form:

Q(s) = NI [N (19)

F(x)2 [/ H(U)dci| (20)

=x

where

Since V' F®) % 0, Q(s) — 0 if and only if e¥'F®) — oo, which
requires F'(c0) — oo. Hence, it is required to determine H (s) for
which F'(c0 ) — o0 . To do this, the following theoremis introduced.
Theorem: Consider a strictly proper rational function of the form
b(s bis" U+ bys" T4+ b,
H(s) = bs) _ b ) ’
a(s) s"+ast +-t+a,
where a(s), b(s) are coprime polynomials.
Denote by r the relative order of H(s), that is, r
degla(s)] — deg[b(s)]. Under these conditions,

. 0 iff r>2
F(oo):(y]l)r?° |:/H(0')do{| — {oo < r =1 (22)

Proof: See Appendix A. O

The relevance of the theorem to the classification of all PNG-
based systemsrenderingZMD is clarified by means of the following
corollary.

Corollary of Theorem: G(s) € G if and only if b; > 0, that is,
G(s) is biproper (i.e., the degree of the numerator equals the degree
of the denominator),

by =0 (21)

G ={G(s): b, > 0} (23)

Proof: In the theorem, take H(s) = G(s)/s. According to this
theorem, F(co)— oo if and only if r[H(s)]=1. Thus, since
r[H()1=r[G(s)/s]=r[G(s)] +r[s]=1, r[G(s)]=0, which
means that G(s) is biproper. O

The set G contains all of the transfer function G(s) that impose
ZMD to the PNG system shown in Fig. 2. Note that the theo-
rem 1 and its corollary provide necessary and sufficient conditions.
Consequently, if y(t;)= 0 W/, then G(s) € G; and conversely, if
G(S) € G, then y(tf) =0 \th.

The interpretation of the theorem and its corollary should be as
follows. If G(s), the dynamics of the PNG loop, is biproper, that
is, the degree of the numerator equals the degree of the denomi-
nator, the miss distance will be identically zero for all flight times
and all deterministic or random target maneuvers. Furthermore, in
the stochastic case, ZMD is obtained for the cases of fading and
passive- and active-receiver noise inputs. Because in general G(s)
is a strictly propertransfer function, that is, the degree of the denom-
inator is greater than the degree of the numerator, a guidance con-
troller comprised of lead networks, such as proportional-derivative
(PD) controllers,should be added. However, pure lead causes noise
amplification problems. Thus, instead of pure lead compensation,
lead-lag networks should be used. In this case, the miss distance is
not identically zero, but it is reduced dramatically, as shown in the
simulations described in Sec. I'V. The PN-based guidance law with
the appropriate compensation will be called hereafter ZMD-PNG.

Note that the case of glint noise is different from all other inputs.
Observe that in the stochastic case the expressions for miss distance
comprise derivativesof Q(s), whereasin the case of glint [Eq. (11)],
the miss distance is calculated by taking the inverse Laplace trans-
form of 1 — Q(s). Consequently, we notice that if Q(S) = 0, then
for long flight times

E[y2tp]] . © ®
[—f”gl:/ z-‘<1>dt=/ sndr=1 (4
() 0 0

gn

That is, the rms miss distance due to glint will be from the order
of magnitude of the PSD of the noise. This implies that the imple-
mentation of the ZMD-PNG law is more appropriate in low glint
systems, such as missiles with electro-opticalseekers, rather than in
missiles with radar seekers, where the glintis much more dominant.

As mentioned,ZMD can be obtainedby employing modern guid-
ance as well. However, perhaps the most importantadvantage of the
ZMD-PNG over modern guidance laws is that it requires neither the
estimation of target maneuver nor the time to go. Nevertheless, the
performance of the ZMD-PNG is not inferior to optimal guidance,
as will be illustratedin Sec. I'V.

One of the main concerns of a guidance engineer interested in
implementing the ZMD-PNG law, is its effect on guidance loop
stability. Because the guidance loop after linearization is a time-
varying system, its stability analysis should be performed with spe-
cialized tools, such as the circle criterion. This issue is discussed in
Appendix B, where it is shown that stability and ZMD are closely
related. Moreover, it is shown in Appendix B that the class of PNG-
based systems that remain stable (in the sense of the definition given
in Appendix B) until the interception end is a subset of the PNG-
based systems yielding ZMD.

The design implication of the preceding discussion may be sum-
marized in the following design principle:

Suppose that the transfer functions G, (s) and G,(s) are given.
To achieve ZMD, a compensator K (s) should be designed such that
G(s)=K(s)G(s)G,(s) is biproper.

The design principle implies that K (s) will necessarily comprise
a number of PD controllers. Nevertheless, a considerable perfor-
mance improvement may be obtained even if the design principleis
somewhat loosened, that is, lead-lag compensationis used.

IV. Illustrative Examples
In this section, we consider realistic examples that illustrate the
performance of the ZMD-PNG law and compare it to PNG and
optimal guidance.

A. Missile Model

The ZMD-PNG design process proposed will be illustrated us-
ing a third-order model of G(s). The flight control dynamics are
assumed a second-order transfer function with damping § and nat-
ural frequency ,, and the seeker LOS rate measurement dynamics
are modeled by a single time lag. As a result, we get

G\()Gy(s) = 1/[(ris + 1)+ (/2 + 2s/ e, +1)]  (25)
Let

71 =0.3s5, w, = 10 rad/s (26)

Also, assume that

N' =4, Ve = 1000 m/s (27)
and that the missile maneuver acceleration is limited by twice the
acceleration of the target, that is,

A max, |ay (1) _

0= (28)

max, lar(1)]

B. ZMD-PNG Design

According to the design principle, we should design a controller
K (s) such that G(s) = K(s5)G(s)G,(s) is biproper. Consider the
following controller:

w

K(s) = H (rzis + 1) (29)

i=1

Let 1y, =1,=0.23s.
Controller(29) shallbe called an ideal controller,and the resulting
PN-based guidance law will be called ideal ZMD-PNG.
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Because K (s) is a PD controller, noise amplification problems
might arise. To overcome the problem, the following controller is
suggested:

(rzis + 1)
(rpl.s + 1)

Controller (30) shall be called an actual controller, and the result-
ing PN-based guidance law will be called actual ZMD-PNG. It is
apparent that with this type of a controller, the design principle is
notaccomplishedexactly because the resulting G(s) is not biproper.
Nonetheless, if the additional lag is not too large, we can achieve
near-ZMD. Thus, let 7p, = 7p and 1z, = 7. If 7p is small enough,
the phase lag will occur at high frequencies, higher than the typical
missile operating frequencies. Thus, no substantial degradation of
performance is expected. We chose 7, =0.05 s.

The corresponding commanded missile acceleration with the
ideal and actual ZMD-PNG are

(30)

3
ko) =]]

i=1

3

dc =N,VC H(Tzis + 1) iCs

1=

3

ac=N'V ]_[

rzls+1

rps+1

C. Optimal Guidance Law

The performance of ZMD-PNG will be compared to optimal
guidance. Recall that an optimal guidance law (OGL) for first-order
system dynamics and a maneuvering target was first introduced in
Ref. 9. It was extensively studied in Refs. 2 and 10. The OGL results
from the minimization of the quadratic cost
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The following acceleration command a, results:
a, = [N'(Q)/TZ][y +y7+05art* —ayti(e? +6— 1)] (33)
where 0 = t/ 7 and

60%(e®+0—1)
3—-602+ 60 + 3 — 120

N'(6)= % (34)

— 3e-20
Note the following:

1) To implement the OGL, an estimation of time to go and an esti-
mation of target maneuver are required. These tasks, especially the
estimation of target maneuver, are not trivial. In the simulations to
be presented, we have assumed that the target maneuveris estimated
with a delay of 0.2 s, which is quite an optimistic assumption.

2) In most applications, and in our example as well, the system
dynamics are of high order, and so there is a mismatch between
the system model taken for the OGL design and the actual system
model. In this case, 7p is used to tune the performance of the OGL.
We have chosen 75, =1 s. One could, of course, try to derive an
OGL for the actual system model; however, for high-order systems,
this will result in very complicated expressions, whose realization
is impractical.

Note that the drawbacksof the OGL do notexist when considering
a ZMD-PNG law. Neither the estimation of target maneuver nor
time to go is required. Its realizationis far simpler, and furthermore,
it is not sensitive to uncertainty in system time constant because
only the relative order of the dynamics is important.

The performance of the guidance loop is to be evaluated in four
cases: PNG, ideal ZMD-PNG, actual ZMD-PNG, and OGL. Also,

s ) we consider two types of target maneuvers: a sinusoidal (weave)
J = a;(t)dr (31 maneuver and a random telegraph maneuver.
0
subject to D. Sinusoidal Maneuver
Y1) =0 The sinusoidal target maneuver satisfies
y 01 0 0 y 0 ar = ar, sin(wrt) (35)
y — 0 01 -1 y + ac (32) Letay, =1g, or =2.5rad/s,and f; = 5 s. We first examine whether
ar 0 00 0 ar 0 ZMD-PNG requires an excessive maneuver effort. Figure 3 shows
iy 0 0 0 —1/7p ay 1/, the absolute value of missile acceleration for the four guidar}ce
laws considered. Notice that, in the case of PNG, the acceleration
where 7 is the time constant of a first-order system. saturates, causing a miss distance of 0.5 m. However, ZMD-PNG
2 T T T T T T T T
g8l e S T PNG. .
: VIR :
Cy \
1 .6 — B K \ ,,,,,
: / v
//: \ N
A AU
14F o jee A I I .
/ \ IR
! \ :
12_[ ......... \ ........... ,/..E ........
—_ ! \ /
‘9 L S R o \ .......... | A
- i | I
«© ! \ ,
o8k L BRI
! ! ! lActual :
! ~ ZMD-PNG:

time [sec]

Fig.3 Missile maneuver acceleration comparison for a sinusoidal target maneuver shows that ZMD-PNG does not require an excessive maneuver

effort.
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Fig. 4 Comparison of rms miss distances shows that actual ZMD-PNG gives negligible miss distance against a sinusoidal target.

2

time [sec]

Fig.5 Maneuver acceleration comparison for a random telegraph target maneuver shows that the acceleration command with ZMD-PNG does not

saturate.

does not saturate, either in its ideal or actual form, and the miss
distance is negligible. OGL requires a larger maneuver effort than
ZMD-PNG. This is because the OGL was designed specifically
for first-order systems. When the order of system dynamics is
higher, a large maneuver effort is required to compensate the model
mismatch.

To examine miss distance, a Monte Carlo simulation was per-
formed. In the Monte Carlo simulation we assumed a sinusoidal
target maneuver (35) and the missile model given in Egs. (25-28).
To evaluate the ZMD-PNG performance in a stochastic environ-
ment, a zero-mean Gaussian white noise with a standard deviation
0f 0.05 deg/s was added to the LOS rate measurement. The guidance
laws considered were PNG, actual ZMD-PNG, and OGL. Figure 4
shows rms values of miss distance as a function of flight time. It
is seen that PNG yields rms miss distances that range from 0.5 to
2.5 m. OGL exhibits a better performance, with an averagerms miss

of about 0.1 m. Actual ZMD-PNG yields the smallest rms miss dis-
tance, of about 0.02 m. The miss distance with actual ZMD-PNG is
notidenticallyzerobecauseof the small lagincorporatedto deal with
noise filtering. Thus, we conclude that the ZMD-PNG considerably
improves miss distance, even when the LOS rate measurement is
corrupted by noise.

E. Random Telegraph Maneuver

Figure 5 shows the absolute value of missile acceleration for the
four guidance laws considered. Some interesting observations can
be drawn from Fig. 5. PNG saturates 0.5 s before flight termina-
tion. The ideal ZMD-PNG does not saturate. Consequently, it is
evident that in the case of a random target maneuver, such as ran-
dom telegraph, the new guidance law prevents missile acceleration
saturation. When a small lag is used, that is, actual ZMD-PNG, the
acceleration saturates very close to flight termination, thus causing
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Fig.6 Comparison of rms miss distances shows that actual ZMD-PNG gives negligible miss distance against a target performing a random telegraph

maneuver.

a negligible miss distance. OGL does not exhibit a feasible per-
formance: This guidance law cannot deal adequately with target
maneuvers when the missile dynamics are of high order.

A Monte Carlo simulation for the evaluation of miss distance
was used in the random telegraph case as well. The guidance laws
consideredwere PNG, actualZMD-PNG, and OGL. Figure 6 shows
rms values of miss distance as a functionof flight time. Clearly, PNG
yields rms miss distances that range from 1.5 to 2 m. OGL exhibits
a better performance, with a miss of about 1 m. Actual ZMD-PNG
yields the best performance, with an average rms miss of 0.05 m.

V. Conclusions

In this study, a new guidancelaw was presented. The derivationof
this law comprises of two main stages: First, linear PNG kinematics
was adopted. Second, the expressions for miss distance, derived by
the method of adjoints, were analyzed. This analysis has shown
that ZMD could be obtained for any flight time, provided that the
guidancetransfer functionis biproper. This is true for the following
cases: deterministicor randomtarget maneuverand stochasticinputs
such as fading and passive- and active-receivernoise.

The design procedure of the new guidance law, ZMD-PNG, in-
volveslead compensation.When the LOS rate measurementis noisy,
lead-lag compensationmay be used. Simulationsof ZMD-PNG that
compared its performance to PNG and an OGL have given rise to
the following observations:

1) The overall maneuver effort required by the ZMD is smaller
than that required by PNG.

2) The miss distance is considerably smaller than that obtained
with either PNG or OGL. Actually, it is very close to zero.

Perhaps the main advantage of ZMD-PNG over modern guidance
laws is that it does not require the estimation of target maneuver or
time to go. It uses LOS rate measurements only.

Finally, note that the best performance of ZMD-PNG is expected
in low glint systems, such as missiles with electo-optical seekers.
This is due to the inherentlead compensationinvolved, which makes
the system more sensitive to glint effects.

Appendix A: Proof of Theorem
H (s) can be expanded as a series of the following form?!:

H(s)= Y hs™ (A1)

i=1

The {h;} are known as the Markov parameters of H(s). They are
given by

[hl,hQ,...,h,,]T=T_1(a)-[b1,b2,...,b,,]T (AZ)

where T'(a) is a lower triangular Toeplitz matrix with first column
[1,ay,...,a,_]". Note thatits inverse always exists. Furthermore,
notice that

hy = b, (A3)

so that Eq. (A1) can be written as

H(s) = % + Zh,-s"' (A4)

i=2

By integrating Eq. (A4), we find that

) hi )
F(x):blﬁn(x)+z—l _ix“’ (A5)

i=2

Thus, F (00 )— 0if and onlyif b; =0, thatis,» >2. Otherwise, for
b, >0, since fn(00 ) — o0, F(00) — 0. O
Note that if H(s) is nonstrictly proper, we can write

H(s) = H,(s) + m(s) (A6)

where H ,(s) is strictly proper and m(s) is a polynomial remainder.
In this case, F(c0 ) — oo since

lim |:/ m(a)dai| — 0

Appendix B: Connection Between ZMD-PNG
and Loop Stability

It was conjecturedin Refs. 12, 13, and 17 that a strong connection
exists between system stability and miss distance. In Ref. 13, the
concept of FT-GAAS was introduced. When the circle criterion is
employed, an analytical expressionrelating system parameters and
the time up to which the PNG system is FT-GAAS was given. Yet,
no analytical formulation relating miss distance to FI-GAAS was
found. Subsequently, such a relation is proposed. In Ref. 13, the
following definition of FT-GAAS was suggested.
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Definition BI (Ref. 13): The linearized PNG system shown in
Fig.2is FT-GAAS insome time interval J,« = [, t*] < [t,, t;]if for
some state vector x(¢) € R” there exists P > 0 such that x” (¢) Px(t)
is a decreasing function of time Y (%)), W € J;x.

When the circle criterion’®?® is employed, it is shown'*>!® that
FT-GAAS in the interval J;« is assured provided that the time to go
T =1, — t satisfies

A
T =T =

—N’(En#irgJ Re[H (j w)] (B1)
where H(jow)=G(jw)/jo is assumed to be minimal and G(s) is
assumed to be asymptotically stable with G(0) =1.

We wish to determine the class of transfer functions H(s), for
which divergence of the PNG system state variables, in the sense of
Definition B1 and Eq. (B1), is avoided. In other words, it is desired
to find under what conditions 7, = 0. Assume for the moment that
such a class exists,

SE[H(s): 5 =0} (B2)

We aim at showing that the class S is a subset of H. To do that, we
consider the following proposition:
Proposition

ScH (B3)

The physical consequenceof the propositionis that, if some combi-
nation of the state variables of the PNG system (for example, LOS
rate, maneuver acceleration, and commanded acceleration) is kept
bounded until the end of interception, no miss will occur.

Before proving the proposition, we remind the reader of some
facts regarding positive real functions. Denote by (PR) the class
of positive-real transfer functions. Next, consider the following
definition.

Definition B2 (Ref. 24): A transfer function H(s) is positive real
if Re[H(s)] =0 WRe[s] > 0.

The necessary and sufficient conditions for positive realness are
obtained by the following theorem:

Theorem B (Ref.24): H(s) € {PR}ifandonlyif H(s)is stable,its
poles on the imaginary axis are distinct with the associatedresidues
real and nonnegative and, in addition,

Re[H(jw)] =0 Vo >0 (B4)

Theorem B and Eq. (B1) lead to the following lemma.

Lemma: Time 7y =0 if and only if H(s) is positive real, that is,
S ={PR}.

Proof: Supposethat H(s) is positivereal. Then accordingto The-
orem B, Re[H (j®)] =0 Vo > 0. Because the time to go 7 is a non-
negative number, Eq. (B1) gives 7o = 0. Now, suppose that 7, =0.
If a minimum of a function is zero, it implies that this function is
nonnegative;thus, Re[H(jw)] =0 Vw > 0. Also, we assumed that
G(s) is asymptotically stable and G(0) = 1. Thus, H(s) =G(s)/s
is stable, and the residue of H(s) at the distinct pole s =01is 1. Ac-
cording to Theorem B, these three facts imply that H () is positive
real. O

Now, we continue with the proof of the proposition. It is well
known?* that for H(s) € S = {PR} it is necessary that

rlH(s)] =0 or 1,6y >0 (B5)

Note that Eq. (B5) guarantees that H(s) € H. However, because
Eq. (B5) is not a sufficient condition for strictly positive realness,
there might be cases in which Eq. (B5) holds, but H(s) € {PR}.
Thus, it is true that S = {PR}< H, which proves the proposition.
O

The preceding discussion underlines that finite time stability in
the sense of Definition B1 is strongly associated with miss distance.
That is, there is a class of PNG systems for which 7o =0 yields
ZMD, but there is a much broader class, the class of biproper (with
by > 0) transfer functions G(s), which gives ZMD.
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